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there the slow modes overwhelm the fast ones completely. 
(13) C2 determined from the A2 data was used to evaluate GO,=,* 

because A, is less sensitive to the fast relaxation modes than 

(14) Both slow and fast modes contribute to the empirically de- 
termined GZm*(u), although the contribution of the fast modes 
is not signihant at low w. Thus, some fast modes, which 
should contribute to AG2,b~*,  were lost from AG2,bn* as G2,aol* 
represented by G2,m* (eq 20) was subtracted from Gz,bB*. 
(Analyzing the spectra H ~ B  itself, we can avoid this difficul- 
t ~ . ~ , ~ )  However, in practical purposes, this problem is not 
serious in the present analysis on bB with small w2 (curves d 
in Figures 10 and 12) because G2,sol* is already much smaller 

1212 

than Gz,bB* at high w :  The curve would not change 
much even if we use the G2,sol* to which only the slow modes 
contribute. 

(15) For bB with much larger Mw2/Mw1 ratio we observed the 
wedge-shaped G2(i,* curve more clearly." 

(16) Struglinski, M. J.; Graessley, W. W. Macromolecules 1985,18, 
2630. 

(17) Montfort, J.-P.; Marin, G.; Monge, P. Macromolecules 1984, 
17, 1551. 

(18) The characteristic time of the G2(i)* curve increases with. in- 
creasing Mw2.11 This result also suggests that the Rouse-like 
motion of the 2-chain due to partial tube renewal is not con- 
fined between the adjacent 2-2 entanglement points. 
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ABSTRACT Polymers, terminally attached to a dll-dimension penetrable interacting hypersurface, are described 
by using the two-parameter model of excluded volume, a pseudopotential polymer-surface interaction model, 
and the renormalization group method. The dimensionality of the hypersurface is fixed as dI l  = 2, so that 
the c-expansion ( e  = 4 - d with d the dimension of space) method can be applied to both the polymer-polymer 
and polymer-surface interactions. Then the mean-square end-to-end vector distance ( R2) is calculated to 
first order in c as a function of polymer-surface and polymer-polymer interactions. The result is compared 
to (R2) for a terminally attached polymer at an impenetrable interacting surface. An increase in the chain 
expansion due to repulsive excluded volume interactions leads to a decrease in the effects of repulsive 
polymer-surface interactions on the polymer dimensions. This phenomenon is an apparent consequence of 
the lower density of the chain upon expansion and the resultant lower probability of the chain encountering 
the surface. Scaling arguments, on the other hand, indicate that attractive surface interactions ampli fy  the 
effect of the excluded volume interaction. 

I. Introduction 
The theoretical description of isolated polymers in the 

presence of an interacting boundary has been considered 
by using both lattice random walk and continuum random 
walk models. Rubin' has studied lattice random walks 
interacting with an impenetrable surface for the full range 
of the polymer-surface interaction and has calculated 
many of the important configurational properties of ideal 
polymers with no polymer-polymer interactions. de 
Gennes2 and LBpine and CaillB3 have also made important 
contributions to the continuum formulation of the random 
walk model of a chain interacting with an impenetrable 
surface. 

Some recent work has focused on extending these earlier 
calculations to consider penetrable surfaces. Hammersley 
et al.4 give exact lattice random walk model calculations 
for an interacting penetrable surface. Kosmas5 introduces 
a continuum model of a Gaussian polymer interacting with 
a penetrable surface of continuously variable dimension 
d,, , and Nemirovsky and Freede consider the exact analytic 
treatment of the special case of penetrable and impene- 
trable surfaces having a dimension one less than that of 
the embedding space, dll = d - 1. More recently, Douglas 
et  al.' studied the exact treatment of the penetrable in- 
teracting surface model5 for Gaussian chains where the 
adsorbing surface dimension d,, is a variable. Wang et a1.* 
generalize the Nemirovsky and Freed6 calculation by in- 
cluding three surface interactions, one for each side of the 
surface and one describing the "penetrability" of the 
surface. The penetrable surface model5t7 with variable dll 
can be similarly extended to include three surface inter- 
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action parameters, but this is left for future work. 
The introduction of polymer-polymer excluded volume 

interactions is an important extension of the lattice ran- 
dom walk and continuous Gaussian chain models. Ham- 
mersley et ale4 perform exact calculation for lattice self- 
avoiding walks (SAW's) for both penetrable and impene- 
trable surfaces, and there are numerous Monte Carlo and 
direct enumeration calculationsg for SAW's interacting 
with an impenetrable surface. Recent lattice calculations 
by Ishinabe'O and Kremerl' consider SAW's interacting 
with a penetrable surface. 

The development of renormalization group (RG) meth- 
ods enables the extension of surface-interacting Gaussian 
chain models to incorporate the excluded volume inter- 
action, provided the polymer-polymer interactions are not 
strongly a t t r a ~ t i v e . ~ J ~  The first extensive treatment of 
surface-interacting polymers by Eisenriegler et aI.l3 uses 
the polymer-magnet analogy in conjunction with Monte 
Carlo and scaling methods to consider numerous properties 
of surface-interacting polymers. Freed14 employs the 
equivalent two-parameter (TP) model of excluded volume 
and evaluates some basic radial properties such as (R2) 
and the end-to-end vector distribution function for a 
polymer at an impenetrable reflecting surface where the 
polymer-surface interaction vanishes. Ei~enriegler'~ cal- 
culates some similar properties in this limit within the 
magnetic analogy model and also considers the concen- 
tration dependence of polymers near impenetrable sur- 
faces. Nemirovsky and Freed6 generalize the TP approach 
to treat the full "double crossover dependence" of polymer 
properties on the polymer-polymer and polymer-surface 
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interactions where the impenetrable surface interaction 
is treated exactly and where the excluded volume inter- 
action is treated by using the RG theory and t-expansion 
procedure. Many of the results from these studies of im- 
penetrable-surface-interacting polymers are reviewed in 
ref 9. 

Here we generalize the previous work of Nemirovsky and 
Freeda and of Douglas et a1.7 to the case of polymers with 
excluded volume interacting with a penetrable interacting 
surface where the surface dimension d,, is fixed at d,, = 2, 
so that the excluded volume and polymer-surface inter- 
actions can both be treated by using the eexpansion 
perturbation theory. Calculations using this approach lead 
to far simpler expressions for the multiple interaction 
crossover than those found by Nemirovsky and Freeda for 
the impenetrable surface. 

The surface interaction and excluded volume models are 
introduced in section 11. Next, the moments of the end- 
to-end vector distance for repulsive polymersurface and 
excluded volume interactions are calculated in section I11 
and compared with the results of Nemirovsky and Freeda 
for (R2) in the case of an impenetrable plane surface in 
d = 3. A qualitative description of the attractive inter- 
action regime is given in section IV. 

11. The  Model 
The reference model is a continuous Gaussian chain 

backbone that is perturbed by a 6-function pseudopotential 
for the polymer-surface interaction. Phenomenological 
parameters in this coarse-grained model are complicated 
functions of the detailed microscopic interactions. The 
hypothesis of universality, however, leads us to expect that 
the microscopic details can be subsumed into the model 
variables to obtain a universal description of large-scale 
properties. 

The continuous chain configuration is specified by the 
position vector R(x) of the chain segment a t  a contour 
distance x along a chain of length No. For convenience, 
the position vector R(x) is written in terms of reduced units 
of the mean-square end-to-end distance (R2)o,f of a free 
unperturbed chain as 

r(x) = R(x)[d/(R2)~,d1/2 (2.1) 

The dimensionless configurational Hamiltonian for the 
polymer-surface interactions in these units equals 
H/kBT = 

Ho + H,(polymer-surface) + H2(polymer-polymer) 
(2.2a) 

where the unperturbed portion 
1 

Ho = (1/2)& dx Idr(x)/dx12 (2.2b) 

reflects chain connectivity and where kBT is the absolute 
temperature in energy units. 

The interacting surface is a hypersurface of dimension 
d,, embedded in a space of dimensionality d. A vector rll(x) 
is defined as the projection of r(x) onto this surface, and 
r,(x) is the projection onto an orthogonal space of di- 
mension d,. Within a continuum model representation 
similar to that introduced by Edwardsla for the polymer- 
polymer excluded volume interaction, the surface inter- 
action portion of the Hamiltonian equalsk7 

H,(polymer-surface) = z,O L 'dx  6(r I (x)] ( 27r)dJ2 ( 2 . 2 ~ )  

where the dimensionless polymer-surface interaction pa- 
rameter z,O is defined as 
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z,O = (d/27r12)d43,0nof1/2 
6,  = 2 - d, = (2 + dl,) - d (2.2d) 

Here 6," is the polymer-surface binary cluster integral, and 
6[(r,(x)] is a d,-dimensional &function. Short-range 
correlations, such as the constraint against immediate 
reversal in lattice chains and restrictions on bond angles, 
in real polymers are as usual implicitly absorbed into the 
definition of the effective step length 1. The number of 
statistical segments no is related to the chain contour 
length No and to the free Gaussian chain mean-square 
end-vector distance ( R2)o,f through the definitions 

(R2)o,f = Nol = no12 (2.2e) 

The polymer-polymer interaction is modeled by 

Hz(polymer-polymer) = 

(zZ0/2)&'dxl1dxt ( 2 ~ ) ~ / ~ 6 [ r ( x )  - r(x')] (2.3a) 

where z20 of the two-parameter (TP) theory has the tra- 
ditional polymer theory definition (c = 4 - d )  

z20 = (d/27r12)d/2/320nOt/2 (2.3b) 

with pZo the polymer-polymer binary cluster integral. For 
d,, = 2 we have tI = e [see (2.2d)], which is the special case 
necessarily considered for RG expansions in both excluded 
volume and surface  interaction^.^,^ 

111. Repulsive Polymer-Polymer and 
Polymer-Surface Interactions 

The end-vector distribution function G(r,zZO,z,O) for a 
terminally attached Gaussian chain with excluded volume 
interacting with a penetrable surface is defined in terms 
of the model Hamiltonian H of (2.2) by 

0 

where B[r(x)] is the Wiener conformational measure. We 
obtain the surface and excluded volume interaction per- 
turbation series by expanding the interaction terms in a 
formal Taylor expansion in zzo and z,O as 

(1 - H, - H2 + HZH, + Ht2/2! + H,2/2! + ... ) (3.2) 

Before the double expansion in H, and H2 is evaluated, it 
is useful to review some results for the previously studied 
limits of either zzo = 0 or z,O = 0 as the more complicated 
general theory must recover these limiting behaviors. 

A. Vanishing Excluded Volume Interaction. The 
end-to-end vector distance (R2) is an important polymer 
property for characterizing the average dimensions of the 
polymer, even though it is only an observable for lattice 
polymers. It is convenient to calculate the (Rl12) and 
( RL2) components of ( R2) separately where these are the 
projections of (R2) onto the dll- and d,-dimension sub- 
spaces. 

The end-vector distance 'is easily calculated by factoring 
the unperturbed Gaussian end-to-end vector distribution 
for a free chain 

G[r,  x ,  z20 = 0, z,O = 01 = G,O[r,, x]G,lo[r,,, x] (3.3b) 

or explicitly we have 
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G[r, x ,  z20 = 0; z,O = 01 = 
[ ( 2 ~ x ) - ~ J ~  exp(-r , 2/2x)] [ ( 2 ? r ~ ) + / ~  exp(-rl12/ 2x11 

(3.34 

In a previous paper we calculate (RL2) and several other 
properties for z20 = 0 through infinite order in z:. For 
illustration we recall (RL2),  which is equal to' 

( R l 2 )  = 

(d, / d )  (R2)o,f( 5 (-l)"[zP(e, /2) ln/r(2 + ne, /W/Q 
(3.4a) 

n=O 

where the partition function Q(z2) is found as7 

~(2:) = 5 (-i)k[z,0r(~,/2)lk/r(i + kE,/2) ( 3 . 4 ~  
k=O 

These series have an infinite radius of convergence for E, 
> 0 and are expressible7 in terms of the Mittag-Leffler 
function whose properties are summarized by Hardy.17 A 
second order in the e,-expression is obtained by applying 
the RG theory to (3.4) to third order in 2,". From previous 
work7 this expansion for (RL2)  yields 

( R l 2 )  = 
( d , / d ) ( ~ 2 ) ~ , ~ [ 1  + u,*x, + (U,*)WC - A,) + 0 ( ~ ~ 3 ) 1  

(3.5a) 

A, = !L/(1 + ts) US* = E,/2 (3.5b) 

where the "renormalized" variable {, can be written (see 
Appendix and ref 7) directly in terms of phenomenological 
bare variables ({, z,O/u,*) to facilitate comparison with 
the exact solution (3.4a). Our first-order calculations below 
for the double crossover on polymer-polymer and poly- 
mer-surface interactions must recover (3.5) to first order 
in t in the limit of vanishing excluded volume. 

The RG approximation (3.5a) reproduces the exact re- 
sult (3.4) reasonably well for z,O I 0. The largest error 
occurs in the large z,O limit where (3.4) reduced to' 

(RL2) = (d1(Rz)o,f/4/(1 - ~ , / 2 )  (3 .5~)  

Expanding (3.512) to order tL2  yields 

= (d,(R2)o,f/d)[l + t 1 / 2  + (t1/2)' + O ( ~ 1 ~ ) l  
(3.5d) 

which is also the 2; - m limit of (3.5a). For E, = 1, eq 
3.5d differs from the exact expression in (3.5~) by 7% (see 
subsection D), and a comparison for the full crossover in 
z,O is presented in ref 7. The parallel component ( Rs2) is 
the same as for a free chain and is readily found as 

( R , , 9  = (dll/4(RZ)O,f (3.5e) 

We then obtain the RG prediction for the end-to-end 
vector distance (R2) as the sum of (3.5a) and (3.5e). 

B. Vanishing Surface Interaction. The limit of 
vanishing surface interactions for a penetrable surface 
corresponds to a polymer in free space. This free chain 
limit has been studied in previous work,18-20 and its de- 
scription exhibits a very similar analytic structure to the 
surface interaction theory of the previous subsection. For 
example, the dimensionless ratio of ( R2)f and the radius 
of gyration (S 2 ) f 1 / 2  of a free chain is calculated to order 
E to have the 

(R2)f/6(S2)f = 1 + (uZ*/12)X2 + O(t2) (3.6) 

up* = t/8 + O(t2) Xz = {/(l + {) (3.7) 

The excluded volume variable { of the RG theory is the 
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same as introduced by Oono and Freed22 and is defined 
explicitly in the Appendix. Douglas and Freedlg show that 

{ = zzo/uz* (3.8) 

which gives the connection between the phenomenological 
bare and RG excluded volume variables. Using this rela- 
tion we see, for example, that (3.6) is equivalent to an 
expression given first by de Cloizeaux.20 

C. Combined Influence of Polymer-Polymer and 
Polymer-Surface Interactions. The inclusion of the 
polymer-polymer excluded volume interaction (2.3a) into 
the Hamiltonian (2.2a) makes the problem of a surface- 
interacting polymer no longer exactly solvable. Moreover, 
there is a t  present no analytic RG method enabling the 
treatment of two interactions having different critical 
dimensionalities, i.e., of t # t l .  Kosmas5 recognized that 
if d,, is fixed at  d,, = 2, so that E, = E, then it is possible 
to proceed with standard RG methods for this important 
special case. 

The perturbative calculation for (RL2)  is based upon 
(3.2) for dl, = 2 and leads to 

(R,') = (d,/d)(R2)0,f[l + z,O + ( 2 / ~  - l)zZo + (2/t) X 

( Z , O ) ~  + (-6/t2 + 11/2t)(220)2 + ...I (3.9a) 

where we neglect second-order terms in the {z,) interactions 
such as the cross term z2z,O which are nonsingular in t 

because these terms do not contribute in our RG calcu- 
lations to first order in e. Equation 3.9a reduces in the z,O - 0 limit to a perturbation expansion for the (R,:) com- 
ponent of a free perturbed chain (R2)f, which is given by 
des Cloizeaux aszo 

(R2)f  = 
(R2)0,f[l + ( 2 / ~  - l ) ~ ?  + (-6/~' + 1 1 / 2 ~ ) ( 2 z ~ ) *  + ...I 

(3.9b) 

while for zzo - 0 eq 3.9a reduces to the t-expanded form 
of (3.4a) to order ( Z , O ) ~  for d,, = 2. The equivalent of the 
perturbation expansion in (3.9a) is also presented by 
Kosmas5 for E = O+. Renormalization constants and fixed 
points arising from the perturbation expansion (3.9a) are 
given in the Appendix. 

The RG calculations of Kosmas5 do not describe the 
double crossover but only the limit of large or vanishing 
values of zZo and z,O. An exact description of multiple 
interaction crossover is a nontrivial generalization of the 
single interaction crossover d e p e n d e n ~ e . ' ~ , ~ ~ ~ ~ ~  Fortunately, 
the RG analysis for a polymer with excluded volume and 
interacting with a penetrable surface is mathematically 
identical with order E to the combined description of ex- 
cluded volume and hydrodynamic interactions for both the 
Kirkwood-Riseman and Rouse-Zimm models of polymer 
dynamics, problems which are described by Wang et al.23 
(see Appendix). I t  is only necessary to transcribe the 
hydrodynamic interaction labels to surface interaction 
labels to utilize the results obtained from the hydrody- 
namic theory. For this reason our discussion of the RG 
analysis is confined to the Appendix and is very brief. 

Combining (3.9a) and (3.9b) enables (R,') to be written 
to first order in t as 

(R,') = (d,/d)(R')f(l + 2 2 )  + O(E') (3.10) 

where ( R2)f is the perturbed free chain value defined in 
(3.9b). Using the RG analysis summarized in the Appendix 
transforms (3.10) into 

(R,') = ( d l / 4 ( R 2 ) f [ l  + us(zzo,z,O)l + (3.11) 

which is analogous to (3.5a) to first order in t except that 
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Figure 1. Expansion of the mean-square end-to-end vector 
distance of a polymer terminally attached to a penetrable in- 
teracting surface (d = 3, d,, = 2) relative to that of a free chain 
yR2 = (R2)/(R2)p Solid dark line denotes the exact crossover 
function for Gaussian chains (22 = O), and the broken lines denote 
the first order in e RG prediction given in (3.14). Numbered curves 
denote the crossover curves from (3.14) for increasingly large 
excluded volume interaction: (1) 220 = 0.125; (2) 220 = 1; (3) z 
= 10. The unnumbered dash-dot line is for a Gaussian chain z )  
= 0. The main effect of the excluded volume interaction for 220 
= (0.1) is to decrease the asymptotic value of 782. When 220 2 
0(1), the asymptotic value of YRZ for large 2," is roughly constant, 
but the rate at which this limit is reached with increasing 2," is 
diminished by excluded volume. 

(R2)o:f is replaced by the perturbed value (R2)f, and the 
coupling constant us = u,*X, in (3.5a) is replaced by its 
analogue with excluded volume as defined in (A.8b) by 

us(z20,z,O) = u,*(Xz) x 
[z,O(1 - X,)~ /~ /U ,* (X~) ]  /[I + z,O(1 - ~z)1/4/us*(Xz)I 

(3.12a) 

The crossover function in (3.12a) exhibits some inter- 
esting qualitative features. First, the effective excluded- 
volume-dependent dimensionless polymer-surface inter- 
action parameter i, = z,O(1 - X2)l l4  is reduced by an in- 
crease in the excluded volume interaction. For large zzo 
we have 2, Z , O ( Z ~ ~ ) - ' / ~ ,  so that the crossover exponent #,, 
defined by is no@e, is equal to 4, = 3 ~ / 8  + O(t2)  (see ref 
9). Also, the limiting value of u,*(X2) in the large 220 limit 
is reduced by an increased excluded volume interaction, 
and this point is discussed in detail in the next subsection. 

It is straightforward to show that any equilibrium radial 
property Q, scaling as the polymer radius to a power p ,  for 
a polymer attached to a penetrable interacting surface 
behaves to first order in E as 

&(surface) = Qf[l + A ~ u , ( z ~ ~ , z ~ ) ]  + O(i2)  (3.12~) 

where Qf is the perturbed (i.e., excluded volume depend- 
ent) magnitude of the property Q for a polymer in free 
space and where A, is first order in the z,O expansion 
coefficient [AQ = 1 in (3.10)] for the property Q as calcu- 
lated with the polymer-surface interaction perturbation 
theory for a Gaussian chain interacting with the surface. 
This makes the calculation to order e of polymer properties 
for a surface-interacting polymer rather straightforward. 
Because a repulsive surface interaction expands the mo- 
lecular dimensions, the constant A is enerally positive 

reduced by an increase in the excluded volume interaction, 
hence the ratio Q(surface)/Qf is always reduced by in- 
creasingly repulsive excluded volume interactions. This 
amounts then to a general principle. 

D. Comparison between Penetrable and Impene- 
trable Surface Models. It  is of interest to compare the 

for p > 0. The crossover function u,(z2 g o  ,z, 0 ) of (3.12) is 

Table I 
Dimensionless Ratio yRz = (R2)/(R2)f for Limiting Values of 

the Polymer-Polymer and Polymer-Surface Interaction 
Y R Z  (theory) yR2 (lattice data) 

Penetrable Surface (d = 3, d,,  = 2) 
2,O - m, z20 - m 

2: - 0,220 --+ m 

2: - 0, 220 - 0 

z,O - m, zZo - m 1.18b 1.2' 

2: + 0,220 + 0 

1.20" 
1.33O 
10 
15 

z,O - m, 220 - 0 

Impenetrable Surfaceb (d = 3, d ,  = 2) 

z,O - m, zZo - O 1.33b 1.33d 
z,O - 0,220 .+ m 1.07b 

1.00b 

OEquation B.7. bReferences 6 and 7. CReference 38. 
Reference 1. 

double-crossover dependence of ( RL2) on z,O and z20 for 
a penetrable surface with the calculations of Nemirovsky 
and Freed6 for the impenetrable interaction surface and 
with lattice data for the impenetrable interacting surface. 
The values of (RL2)  are identical (to all orders in z,O) for 
a Gaussian chain terminally attached to either penetrable 
or impenetrable surfaces.' This should no longer be the 
case when excluded volume is incorporated into the theory 
except in the limit of very repulsive surface interactions 
where the polymer should no longer be capable of distin- 
guishing a penetrable from an impenetrable surface. To 
make the comparisons more quantitative we rewrite (3.11) 
in the equivalent form (see below) to order t as 

(RL2)  = (d,/d)(R2)f/[1 - us(z2,z,0)l + 0 ( e 2 )  (3.134 

which in the absence of excluded volume exactly recovers 
(3.5~) for z,O - m. Moreover, Figure 1 compares (3.13a) 
with the exact solution for Gaussian chains ( 2 2  = 0). The 
z,O >> 1 asymptotic limit of (3.13a) for d,  = 1 yields 

(RL2) - ((Rz)o,f/d)[2 - l/z,O + 0(2,0)21 z,O >> 1, 
z20 = 0 (3.13b) 

which, as shown in Figure 1, is the exact limiting behavior 
of (RL2) given in eq 3.12 of ref 7. Our general expression 
for (R2) for an interacting surface is then obtained from 
(3.3a), (3.5e), and (3.13a) as 

(R2) = (R2)f[dil + d l / ( 1  - us)I/d + O(t2), dll = 2 
(3.14) 

where U,(Z,O,Z~~) is defined by (3.12a). Equation 3.13a is 
strictly correct only to order t, and the rearrangement from 
(3.5a) to (3.13a) is motivated by the exactly known limits 
for Gaussian chains. The first order in the e-crossover 
scaling function (3.13a) is dramatically improved by this 
maneuver, as can be seen by comparing Figure 1 with 
Figure 2 of ref 7. 

Table I compares limiting values of the ratio yRz 
( R2)/  ( R2)f for the penetrable and impenetrable surface 
as obtained from (3.13) and from ref 9, respectively. Only 
small differences are found, as expected, between the 
penetrable and impenetrable surface values of YR2 for large 
22 and 22. This slight discrepancy is almost certainly due 
to the different perturbative methods on which the pen- 
etrable and impenetrable surface calculations are based 
(see below). For z,O - 0, on the other hand, Table I shows 
that YR2 does not approach unity for an impenetrable 
surface as it does for the penetrable surface (by definition!). 
Apparently the presence of an impenetrable surface gen- 
erates an effective "repulsive" interaction for chains with 
excluded volume. Wang et al.* consider a variably pen- 
etrable surface for the special case of d, = 1 and Gaussian 
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chains, and we plan to include a parameter accounting for 
“penetrability” in future work. 

More subtle aspects of the influence of polymeppolyner 
excluded volume on the dimensions of a surface-interacting 
polymer are present in Figure 1. A slight amount of ex- 
cluded volume interaction reduces the asymptotic value 
of yR2 substantially, but larger values of the excluded 
volume interaction have the predominant effect of slowing 
the rate a t  which the asymptotic limit is reached with an 
increasing surface repulsion. The physical origin of the 
effect observed in Figure 1 is rather obvious. An expansion 
of the chain reduces the coil density, the probability of the 
chain encountering the surface, and thus the influence of 
the repulsive surface on the polymer dimensions. A similar 
splitting pattern in the scaling functions is found for hy- 
drodynamic polymer properties in good solvents, and this 
effect is discussed by Wang et al.24 (see also Appendix). 

The relatively simple crossover dependence in (3.13) is 
to be contrasted with the very complicated crossover de- 
scription of ~~2 in the theory of Nemirovsky and Freed6 
for the impenetrable surface. This difference arises be- 
cause Nemirovsky and Freed6 treat the surface interaction 
and the excluded volume interactions “undemocratically” 
since they solve exactly the Gaussian surface interaction 
problem as their unperturbed state and then incorporate 
the excluded volume perturbatively. This simplifies their 
RG analysis since there is only a single perturbative pa- 
rameter, but this savings is a t  the expense of much more 
difficult perturbation calculations and a much more com- 
plicated description of the crossover dependence on both 
interactions. 

IV. Qualitative Description of Attractive 
Interactions 

A. Problems Arising in the Treatment of Attrac- 
tive Interactions. The theoretical description of poly- 
mers with attractive interactions is a much more difficult 
task than the treatment of repulsive interactions. Several 
complicating factors of mathematical and physical origin 
arise and are described to delineate the situations to which 
our calculations are generally applicable. 

First of all, the Gell-Mann-Low RG method is restricted 
to arbitrary positive and very small negative values of 220 
and z,O. This matter is discussed in ref 7, but it is quite 
apparent from the definition of the functions Xz and X, in 
(3.5b) and (3.6b) which evidently become singular as z20 - -u2* and z: - -us*, respectively. Some insight into the 
breakdown of the RG theory in the range of attractive 
interactions emerges from the exact (dll = 0) solution for 
the Gaussian chain polymer-surface interaction model. 
The end-vector distribution function is dominated for z,O 
5 -us* by the leading term in its eigenfunction expan~ion.~,~ 
This type of ground-state-dominant approximation is also 
believed to determine the physics of free polymers with 
attractive polymer-polymer interactions in the contracted 
“globular” A description of attractive interactions 
(z20 5 -uz*, z,O 5 -us*) requires a perturbative expansion 
about the limiting collapsed or adsorbed states rather than 
the Gaussian 

The theoretical treatment of strong attractive interac- 
tions is fraught with difficulties of a physical origin in 
addition to the mathematical difficulty in treating this 
regime by using the RG method. The most serious of these 
difficulties arises because a polymer confined to a smaller 
region of space than a free Gaussian coil has a much higher 
probability of self-intersection with itself. This is reflected 
by the relevance of interactions that otherwise would be 
unimportant for the free weakly interacting chain in three 
dimensions. For example, when a polymer is collapsed into 
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itself from attractive polymer-polymer interactions or 
when a polymer is adsorbed onto a two-dimensional sur- 
face, there are, in principle, an infinity of relevant excluded 
volume interaction parameters in the continuum-type 
models with &function interactions.’J2 Furthermore, 
short-range correlations in collapsed polymers are generally 
not the same as in a free chain. This implies that the Kuhn 
length, which models the short-range interactions, should 
be affected by the attractive surface interactions. 

Finally, there are instances in which the continuum 
model (2.2) and (2.3) of interacting polymers gives un- 
physical results for attractive interactions even though the 
mathematical model may be solved exact1y.l~~~ For exam- 
ple, a Gaussian chain with an attractive polymer-surface 
interactions is found to give7 - (d, (R2)o,f/d)l~,0r(~,/2)1-2’~’ z,O 5 -us* 

(4.1) 
so that for large [Ip,O/ldll - O(l)], Le., highly attractive 
polymer-surface interactions, ( R2) approachesn [see (3.3)] 

(R2)  - qR2)o , f /d(R,2)  - 0 (4.2) 

instead of the correct d,,-dimensional random walk result 
of 

(R2)  - (R2)o,f (4.3) 

Heuristically, this difficulty arises because the dimen- 
sionality of space that the polymer “senses” is a function 
of the surface interaction.’ The naive factorization of G 
into Gll and G, [see (3.3b)], which the model indicates, is 
not physically correct fur highly attractive interactions and 
reflects a breakdown of the continuum Gaussian model 
description of polymer a d ~ o r p t i o n . ~ ~  The lattice model 
calculations of Rubinl do not suffer from this difficulty 
of the Gaussian continuum model, and Rubinl finds that 
(RIl2)  is a function of the surface interaction in the at- 
tractive interaction regime, so that (4.3) is satisfied for 
strong adsorption. On the other hand, Rubin’s calculations 
indicate that the continuum model should be a good ap- 
pr~ximat ion~~ in the “weak adsorption” limit where Ip,”/Zdll 
<< 1 in accordance with the arguments of de Gennes.2 
Weak adsorption corresponds to a temperature T close to 
the adsorption @-point OA where p,O van is he^.^ 

Similar difficulties with the usual continuum model of 
Gaussian polymers occur generally for geometrically con- 
fined polymers. For example, Dolan and Edwards2* cal- 
culate the end-vector distribution function of a terminally 
attached Gaussian polymer between two parallel repulsive 
plates. I t  is then readily found (d, = 1) from their work 
that 

(RL2)o = ((R2)0,f/4(k2/2)[1 - 2 ( k / ~ ) ~ ]  + 
o{exp[-3(~/K)~/21), k = (d/(R2)~,J’ /2L (4.4) 

where L is the plate separation. For small plate separa- 
tions ( K  - 0) eg 4.4 again yields (4.2) instead of the correct 
(4.3). Application of the continuum model is thus re- 
stricted to weak compression where K - O(1). There is 
evidently a need for careful analysis of the passage to the 
continuum limit when there are strong attractive poly- 
mer-surface interactions or when there is confinement to 
small regions of space. 

B. Weakly Attractive Interactions and the Ad- 
sorption Threshold. A limited extension of the RG 
theory can be made into the regime of weak attractive 
interactions (z,O k -u2*) by using arguments first presented 
for polymer-polymer excluded volume interactions.12 The 
extension to weakly attractive polymersurface interactions 
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Reference 7 shows that the end-to-end vector distribu- 
tion function for Gaussian chains interacting with a d,,- 
dimensional surface through an attractive (z,O 5 -us*) 
&function interaction is described accurately by the 
ground-state-dominant propagator G ,gd given by7 

Glgsd i l e l / zKcl / z (? l )  z,O S -us* (4.7a) 

where KtLlZ is a modified Bessel function and where rl 
is in the reduced units i, defined as7 

?, = lPll = ((R2)/t12)1/21rLl (4.7b) 

5 1  = p,OI?kl/2) 1 ( ( R2 )O,f /  2) (4.74 

The scale 4, is a surface correlation length (see also ref 
2) which characterizes the average extension of the polymer 
coil from the surface for z,O < -us*. This can be seen by 
comparing (4.1) and (4.7c), where we find 

512  = ( d / d l ) ( ( R l z ) / 2 )  (4.7d) 

Equation 4.7 reduces for d, = 1 to the ground-state-dom- 
inant solution given by de Gennes2Pz1 for an attractive 
impenetrable surface, so that our qualitative discussion 
applies equally well for both penetrable and impenetrable 
surfaces (d, = 1). The factor of ~ z ~ I ' ( ~ , / 2 ) ~ - ~ ~ ~ ~  in (4.712) 
scales from (2.2d) as l /no,  and hence (4.7~)  implies 

t12 - 12 (4.8a) 

where the proportionality constant is governed by the 
temperature-sensitive term I @ : / l d ~ l - 2 / e ~ .  When I@2/ldil-2/f~ 
is on the order of unity (strong surface adsorption), the 
entire polymer is on average confined within a step-length 
distance from the surface. In the limit z,O - -1/I '(el/2) 
i= -us* the surface correlation length grows very rapidly 
and (4.7~) becomes 

tL2 -+ (R2)/2 z,O - -us* (4.8b) 

so that the dimensions of the coil normal to the surface 
are comparable to that of a free Gaussian coil. The limit 
z,O - -us* defines the adsorption threshold for Gaussian 
chains, and it is not meaningfu17v2' to apply the ground- 
state-dominant theory for z,O - -us*. 

The treatment of attractive polymersurface interactions 
in conjunction with a repulsive or small attractive excluded 
volume interaction follows in the same manner as for re- 
pulsive polymer-surface interactions, except that the G , d  
approximate propagator replaces the G,O propagator of 
a free chain in the perturbation expansion [see (3.2) and 
(3.3)]. An important property of the adsorbed polymer 
[z: << -us*] is that Glgsd is independent of the contour 
distance variable because tL2 in (4.7~) is independent of 
n,,. The same is true in Dolan and Edwards parallel plates 
propagator for small plate separation28 where G, (parallel 
plates) is a function of R , / f .  A perturbation expansion 
using the ground-state-dominant approximation or the 
leading term in G,(parallel plates) leads to an expansion 
in which the poles in the excluded volume perturbation 
expansion are found to involve the variable 6' = 4 - d,,,  
where d ,, is the surface dimension rather than e = 4 - d for 
nonattractive or unconfined cases. A complete discussion 
of the perturbative expansion in excluded volume for the 
ground-state-dominant theory and parallel plates is 
avoided because of the potential inaccuracy of the starting 
Gaussian chain model of adsorbed polymers and the 
possible need for corrections to the leading ground-state- 
dominant term in the expansion of G,.31 Rather, we now 
present a general scaling argument demonstrating the 
qualitative effects of the combined excluded volume and 
attractive polymer-surface interactions. 

Figure 2. States of the surface-interacting polymer with excluded 
volume  interaction^.^^ Region I denotes the state of adsorbed 
swollen chains, which is separated from region I1 by a dark line 
indicating the adsorption threshold [see (4.6)]. Region I1 cor- 
responds to desorbed swollen polymers with a weak surface in- 
teraction. Vertical lines denote the crossover region separating 
region I1 from the depletion regime at high z: where the polymer 
is strongly repelled from the surface. The transition from region 
I1 to the depletion regime [z: - O(5)] is rather broad (see Figure 
1). Slanted lines indicate the crossover regime separating 
near-Gaussian coils 1z201 5 u2* from swollen chains 220 1 O(1). 
Region IV consists of adsorbed near-Gaussian coils, while region 
V has desorbed near-Gaussian coils. Regions I11 and VI for 
depleted swollen and Gaussian coils, respectively, are not indicated 
since these domains occur at large 2: (see Figure 1). There are 
also regions VI1 and VI11 separating adsorbed and desorbed 
globules, but we can give no indication of the separation between 
these domains. 

involves letting z,O be negative in (3.13a). We confine 
attention to (RL2) under the restriction of weak adsorp- 
tion. A rearrangement of (3.13a) using the definition of 
us from (3.12a) gives 

(dL(Rz),/d)I1 + &zzo)l/D + &z2')[1 - u,*(~z)l)  (4.54 
(R12) = 

L(z2O) 4 z,O(l + z ~ ' / u ~ * ) - ' / * / u , * ( X ~ )  (4.5b) 

where the quantity is introduced for notational com- 
pactness. Evidently (4.5a) is unphysical for A I -1 since 
this makes (Rlz) negative. The limit A - -1+ defines the 
"adsorption threshold" where (R12) - 0' (see Figure 2 
of ref 7) as well as a critical value of z,O. 

z,O(adsorption threshold) zSAd = 
-us*(X2)(1 + z20/u2*)1/4 + @(e2) (4.6) 

A plot of z,Ad vs. z20 is given in Figure 2, where z,Ad sepa- 
ratesz9 regions I and I1 corresponding to adsorbed and 
desorbed swollen polymer chains, respectively. The curve 
zSAd also separates regions IV and V for adsorbed and 
desorbed near-Gaussian coils, respectively. 
C. Surface Depletion. An increase of the repulsive 

polymer-surface interaction leads to swelling of the poly- 
mer chain to an extent that decreases with increasing re- 
pulsive excluded volume interaction. (See subsection A 
and Figure 1.) There is a gradual crossover from the ad- 
sorption &point, where the polymer-surface interaction 
vani_shes, to the limiting absorbing boundary conditions 
for A 1 O(5) where the surface layer is "depleted" of 
polymer.30 Th_e surface interaction begins to saturate (see 
Figure 1) for A 1 0(1), and the_re is substantial leveling 
off of the crossover curves for A - O(5) where us i= us*. 

D. Rough Description of Strong Surface Adsorp- 
tion. Despite the numerous difficulties in describing the 
regime of strong attractive interactions by using the 
Gaussian chain model and idealized &function pseudo- 
potential interactions, we expect that these continuum 
coarse-grained models should describe qualitative aspects 
of the collapse of the polymer into itself or onto a surface. 
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z2‘( (R2)0,f/t12)d1/2 = zzCIz:I’(cl /2)(d1/f12d1/2 = uz*(dll) 
(4.13b) 

Rearranging (4.13b) yields 

zZc = - C I Z : ~ ( ~ J ~ ) ~ - ~ ~ / ~ A  (4.13~) 

It  is convenient to first factor the &function interaction 
in the Hamiltonian (2.3a) into parallel and perpendicular 
contributions 

6[r(x) - r(x’)l = 6[rll(x) - rl,(x’)18[rL(x) - r,(x’)I 
(4.9a) 

Introducing the i units of (4.7b) appropriate to the G d ( i )  
distribution (z,O 5 -u,*) gives 

rl1(x’)]6[fL ( x )  - f ,(x ’ ) ] ( 2 ~ ) ~ / ~  (4.9b) 

where the modified dimensionless excluded volume vari- 
able zZA0 appearing in (4.9) is 

ZZA’ = (zz0/2)( (R2)o,f/t12)dJ2 (4.10a) 

Alternatively, introducing (4.7~) into (4.10a) produces 
zZAO = (~~O/2)123+, /2) ld1l t~  (4.1 Ob) 

The modified excluded volume interaction zZAo has the 
limiting scaling behavior from (4.6) of 
ZZAO = z20n-d.L/2 - nt’/2, E’ = 4 - dll, I p , O / l d q  - O(1) 

(4.11) 

Scaling the parallel plate propagator G(rll ,Rl/L) as in 
(4.9b) leads to the same type of modified excluded volume 
interaction z z A 0 ( L )  where L replaces in (4.10a) (see ref 
7). Confinement of the polymer due to a physical 
boundary and an attractive interaction are closely analo- 

The scaling argument in (4.9)-(4.11) is sufficient for the 
discussion of many qualitative aspects of polymer ad- 
sorption when excluded volume is also present. First, an 
increased polymer-surface interaction produces an increase 
in the excluded volume interaction zZA0. Basically this 
occurs because the excluded volume effect is more pro- 
nounced when the dimension is lower, and an increase of 
the attractive polymer-surface interaction in effect con- 
fines the polymer to a lower dimension. When there is also 
a small repulsive excluded volume interaction, we expect 
a large swelling of the chain upon adsorption onto the 
attractive surface. A small attractive polymer-polymer 
interaction should make the polymer coil contract upon 
adsorption onto the surface because the polymer-surface 
interaction amplifies the magnitude of the excluded vol- 
ume interaction in the attractive z,D interaction regime. 
These qualitative features are observed in Monte Carlo 
 simulation^.^^ 

In the absence of a polymer-surface interaction, the 
incipient coil collapse into itself is roughly specified by the 
condition12 

z20(self-collapse) = zZc = -u2* (4.12) 

which is determined in a completely analogous way as that 
leading to (4.6). We now generalize this condition for 
self-collapse to adsorbed polymers using the scaling ar- 
guments above. The perturbation expansion in excluded 
volume for strong polymer-surface attraction in the 
ground-state-dominant mode approximation leads to an 
expansion in zZA0 with formal poles in t’. Although this 
approach is limited to weak ad~orption,2~ it suggests that 
the collapse condition should be similar to that of a free 
chain and thus of the form 

zzAO(self-collapse) = Z2AC = -u2*(d, , )  (4.13a) 

Combining (4.10a) with (4.13a) gives the rough collapse 
condition for adsorbed chains zZc as 

gous.31 

where c is a positive constant. When z,O is large and at- 
tractive, zZc approaches zero as schematically depicted in 
Figure 2. This picture of polymer adsorption, presented 
by (4.13c), suggests that adsorbed Gaussian polymers a t  
infinite dilution should exist over a rather narrow tem- 
perature range and that the dimensions of adsorbed 
polymers should change rather sharply upon passing 
through the Flory 6-temperature of the adsorbed polymer. 
The 0-temperature of the adsorbed polymer is, of course, 
not in general the same as that of the free polymer because 

Neutral or weakly repulsive polymer-surface interactions 
combined with strong attractive polymer-polymer inter- 
actions should have little influence on polymer dimensions, 
since the polymer can simply moue of f  the surface to be- 
come a free polymer chain in solution aside from the point 
of attachment. This argument implies that the condition 
for incipient self-collapse of the chain to a globule (eq 
4.12a) should be roughly the same as for a free chain. 

We cannot even speculate on the location of the line 
separating the desorbed-globule and absorbed-globule 
states that is likely to exist for strong attractive excluded 
volume and polymer-surface interactions. I t  might be 
expected that an increasingly attractive polymer-surface 
interaction would be necessary to overcome attractive 
polymer-polymer interactions. Figure 2, however, indi- 
cates that the adsorption threshold from (4.6) for weakly 
attractive polymer-polymer and polymer-surface inter- 
actions approaches the adsorption %point z,O = 0 as the 
binary interaction approaches z20 - -us* from above. 
Hence, attractive polymer-polymer interactions probably 
favor adsorption onto the surface. Further work is needed 
in elucidating the states of attractive surface-interacting 
polymers, and the discussion in this speculative subsection 
simply sketches out the phenomena we would like to de- 
scribe using more adequate theoretical methods. 

V. Conclusions 
The renormalization group method is applied to the 

description of a polymer with excluded volume interacting 
with a penetrable surface. The prediction, that the 
mean-square end-to-end vector distances ( R2) are identical 
for Gaussian chains a t  penetrable and impenetrable sur- 
faces, persists for repulsive surfaces when excluded volume 
is incorporated into the theory, but important differences 
arise in the limit of vanishing surface interactions. The 
basic conclusion of our calculations for repulsive poly- 
mer-surface interactions is that an increase in the repulsive 
excluded volume interaction has the effect of diminishing 
the effect of the repulsive surface interaction on the di- 
mension of the surface-interacting polymer relative to its 
dimensions free of the presence of an interacting surface. 
We believe this effect is true regardless of whether the 
surface is penetrable or impenetrable. 

A similar effect is found elsewhere for the expansion of 
chain dimensions within a block copolymer where one of 
the blocks is then analogous to the surface and where the 
interblock interaction is analogous to the polymersurface 
i n t e r a c t i ~ n . ~ ? ~ ~ ~ ~ ~  An increase of the excluded volume in- 
teraction within a block of an AB block copolymer has the 
effect9g33-35 of diminishing the expansion of the block, due 
to the interblock interaction, relative to the dimensions 
for the block unconfined to the copolymer. This basic 

P 2 % q  + PzO(d). 
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effect has an obvious physical interpretation: the greater 
the block expands with excluded volume, the lower the 
polymer density becomes, so that there is a decreased 
probability of the block encountering the other block. 

The same general principle is also found to be important 
in the description of polymer hydrodynamics. An exten- 
sion of the results in the Appendix for the Kirkwood- 
Riseman and Rouse-Zimm theoriesz3 to second order in 
E indicates that the scaling functions for hydrodynamic 
properties are split in a similar fashion to the surface in- 
teraction crossover curves in Figure 1. The effect is par- 
ticularly dramatic in this case since the exponents char- 
acterizing the mean hydrodynamic dimensions of the 
polymer may then depend on the hydrodynamic and ex- 
cluded volume interactions. The origin of this physical 
effect is similar to the surface interaction and block co- 
polymer problems. An expansion of the chain lowers the 
chain density, which in turn reduces the extent of hydro- 
dynamic interaction. 

Attractive polymer-surface interactions lead to very 
different behavior since an increase in the attractive 
polymer-surface interactions tends to confine the polymer 
to the adsorbing surface. The lowering of the effective 
dimension sensed by the polymer through a surface at- 
traction greatly increases the excluded volume interactions. 
When the excluded volume interaction is repulsive, this 
amplification of excluded volume effects makes the poly- 
mer swell greatly along the surface, while even a slight 
attractive interaction should make the coil "bead up" 
rather than "wet" the surface. 
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Appendix A. Renormalization Group Analysis 
and  Renormalization Group Equation 

Dimensionless coupling constants u,O and uzo for the 
polymer-surface and excluded volume interactions, re- 
spectively, are defined (d,, = 2) through 

= u;(2aN/L)'/' (A.la) 

zzo = U ~ ~ ( ~ ~ N / L ) ' ~ ~  (A.lb) 

where L is an intermediate model variable having the 
dimensions of length. Renormalization constants are then 
defined and determined from (A.la) and (A.lb) and (3.8) 
as 

u,o = uszu, 
Zus = 1 + ~ u , / E  + 2u2/e + O(u,2,uzu,,uz2) (A.2a) 

u ~ O  = uSZu2, Z,, = 1 + 8uz/t + O(uZ2) (A.2b) 

N" = NZN-', ZN = 1 + 2uz/t + O(uz2) (A&) 

where we employ the minimal subtraction scheme in which 
the 2 s  remove all formal singularities in t from the re- 
normalized perturbation expansions in us, uz, and N. The 
renormalizability of the theory with both interactions is 
assumed. 

The Gell-Mann-Low @-functions are defined and are 
calculated to order from (A.2a) and (A.2b) as 

pz = L(d/dL)u, = ( ~ / 2 ) ~ ~ ( 1  - S U ~ / E )  (A.3a) 

( ~ . 3 b )  p, = L(a/aL)u, = ( E / 2 ) ~ , ( i  - 2 ~ , / €  - 

The fixed points (uz*, us*) correspond to the zeros of p2 
and p, and are computed from (A.3) as 

(uz*, us*): (O,O), (O,t/2), (0,€/8), ( t /8 ,3~/8)  (A.4) 
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These fixed points are the same as those determined 
previously by Kosmas6 except that Kosmas's d e f i n i t i ~ n ~ , ~ ~  
of uz* differs from our convention by a factor of 2. Cal- 
culations to first order in E elsewhere indicate that the 
@function for the hydrodynamic interaction in both the 
Kirkwood-Risemand and Rouse-Zimm theories is equal 
toz3 
PH = L(d/dL)UHo = (€ /2)U~(1  - ~ U H / € -  2Uz/E) (A.3c) 

which is identical with (A.3b) aside from a change of labels 
on the interactions. 

The scaling function for (RL2) follows from (2.2) and 
(3.1) to have the form 

(R,? = f(8z0,@,0,No) (A.5a) 

where f is a general scaling function to be determined 
below. Equation A.5a is rewritten in terms of the RG 
coupling constants as 

(RL2)  = ~ ( u ~ L - ~ ~ ~ , u , O L - ' ~ ~ , ~ ~ N ~ )  (A.5b) 

Introducing the definition of the renormalization constants 
from (A.2) into (A.5b) transforms the latter into 

(R,') = f (UZZu2L- ' /2 ,L- ' /2USZ~~,Z~NZ~-1)  (A.5c) 

Applying La/dL to ( A h )  with the arguments @:, @,O, and 
No fixed yields the renormalization group equation 

a a + @ - + @,- + U2auz au, 

where y N  = L(d In ZN/aL), and where F denotes that the 
arguments o f f  in (A.5a) are fixed. 

The solution of (A.6) follows the discussion given by 
Wang et  al.23 and Douglas et  al.34 for the hydrodynamic 
interaction and block copolymer problems, respectively. 
In first order in the scaling function f is determined by 
using this analogy as 
f[L-f/2iiz/(1 - a2), L - f / z ~ & ~  - iiz)-1/4/(1 - a,), 

N(1 - iiz)1/4] (A.5d) 

iiz = UZ/U~* ,  uZ* = e/8 + O(t2) (A.5e) 

(A.5f) 

Scaling (A.5d) in the usual fashion19~21~22 gives the di- 

a, = u,/u,*, u,* = ( t / 2 ) ( 3 ~ ~ / 4 ) / [ 1  - (1 - x,)~/~]  

where X2 is defined in (3.6) and below in (A.8a). 

mensionless scaling variables 
{ = z Z O / U Z *  = (2~N/L) ' /~ i i , / ( l  - i iz)1-f /8  (A.7) 

{, = z,O/u,* = ( 2 ~ N / L ) ~ / ~ [ a , / ( l  - a,)](l - iiz)-1/4+f/8 
(A.8) 

The equality t = zo/u* for both types of interactions en- 
ables us to reinterpret the (2:) as phenomenological RG 
scaling variables. Inverting (A.7) and (A.8) to determine 
uz and us as functions of zZo and z,O yields 

u2 = uz*(z2°/u,*)/(1 + z:/uz*) + O(2) = 

u,(zz0,zgo) = U,*[(Z,o/U,*)(l + zz0/u2*) - ' /4 ] / [ (z ,o /u,* )  x 

u2*Xz + @ ( e 2 )  (A.9a) 

(1 + zz0/u2*)-1/4 + 11 (A.9b) 

Equation (A.9) is to be substituted into renormalized 
perturbation expansions in uz and u, in order to make the 
latter expansions consistent with the constraints of the RG 
equation. The second-order RG analysis is extremely 
difficult to perform exactly, and an approximation scheme 
is introduced in Wang et al.23 and Douglas and Freed34 to 
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treat this problem. This type of analysis is not needed 
here. 
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